We experimentally demonstrate a dynamical classification approach for investigation of topological quantum phases using a solid-state spin system through nitrogen-vacancy (NV) center in diamond. Similar to the bulkboundary correspondence in real space at equilibrium, we observe a dynamical bulk-surface correspondence in the momentum space from a dynamical quench process. An emergent dynamical topological invariant is precisely measured in experiment by imaging the dynamical spin-textures on the recently defined band-inversion surfaces, with high topological numbers being implemented. Importantly, the dynamical classification approach is shown to be independent of quench ways and robust to the decoherence effects, offering a novel and practical strategy for dynamical topology characterization, especially for high dimensional gapped topological phases.
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The topology of quantum systems has been developed into a major focus of research in physics since the discovery of quantum Hall effect [1, 2] . Beyond the states of quantum matter characterized by Landau symmetry-breaking theory, the topological quantum phases bear a myriad of properties depending only on the topology [3] [4] [5] , with the most celebrated paradigms discovered recently including the topological insulators [6] [7] [8] [9] [10] [11] and semimetals [12, 13] . Among the many exotic features emerging in a topological matter, the bulk-boundary correspondence is the most fundamental phenomenon showing that on the boundary gapless states can be obtained corresponding to and protected by the nontrivial topology in the bulk [14, 15] .
At equilibrium, the number of topologically protected surface (edge) states is uniquely related to the bulk topological invariants [14, 15] . This allows to detect topological insulators [8] [9] [10] [11] and semimetals [12, 13] by resolving the surface states from transport measurement or angle resolved photoemission spectroscopy. Apart from the direct measurement in condensed matter physics, quantum simulation may provide new strategies for the characterization [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . For example, the band topology of 1D Su-Schrieffer-Heeger (SSH) chain can be determined by measuring the Zak phase [19, 20] , the bulk topology of a 2D Chern insulator can be observed by Hall transport studies [21, 22] , by Berry curvature mapping [27] , or by a minimal measurement strategy [28] of imaging the spin texture at symmetric Bloch space [29] . In addition, these systems naturally offer powerful probes and controllability in comparison with their condensed matter counterpart, which enables the study of non-equilibrium physics across topological phase transitions. A generic protocol in state-of-the-art experiments is to prepare a topologically trivial initial state and then observe the non-equilibrium dynamics after the Hamiltonian has been quenched into a topological regime. For such non-equilibrium process, the bulk-boundary correspondence, however, is no-longer valid [30] [31] [32] [33] . A natural challenge is to find a generic method to reveal dynamical signatures of topology. Recent works [34] [35] [36] [37] start to study this question. In particular, a novel dynamical classification theory [37] , which applies to a generic d-dimensional (dD) gapped topological phase, was proposed to address this fundamental issue theoretically. It shows that the equilibrium bulk topology universally corresponds to the dynamical topology emerging in the (d − 1)D momentum subspace called band inversion surfaces (BISs). An initial experiment implementing this scheme has been performed in atomic systems [38] very recently. However, the essential dynamical bulk-surface correspondence, which necessitates to observe the dynamical topological invariant on BISs, is still not observed.
In this letter, we experimentally study the dynamical classification scheme with a diamond nitrogen-vacancy (NV) center spin system. We observe a dynamical bulk-surface correspondence [37] that the nontrivial bulk topology is related to a topological dynamical field emerging on BISs in the momentum subspace. Further, we show that this dynamical correspondence is not only universal in different quenching dynamics, but more importantly, invulnerable even in the presence of decoherence. Our results show a novel and practical strategy for dynamical topology characterization, which has broad applications in exploring topological quantum matter.
We consider the 2D quantum anomalous Hall model [39] arXiv:1904.09065v1 [cond-mat.mes-hall] 19 Apr 2019 realized in recent experiments [29] to illustrate the scheme,
where k = (k x , k y ) represents the momentum, t 0 denotes the spin-conserved coefficients, and t so denotes spin-flip hopping coefficients corresponding to the 2D spin-orbit (SO) coupling, with σ x,y,z Pauli matrices. It is equivalent to an effective Zeeman field h(k) = (h x , h y , h z ) depending on the momentum k applied in the Brillouin zone (BZ). By tuning the term m z , the quantum system is trivial for |m z | > 4t 0 or topologically nontrivial for |m z | < 4t 0 and m z = 0. Fig. 1(a) shows a typical band structure of the system in the topological regime, which exhibits band crossings. The general idea of our dynamical quenching method is summarized in Fig. 1(b-d) . Through a sudden change of h(k) from a trivial regime h i (k) to a topological regime h f (k), the initial quantum state (ground state of h i (k)) will evolve under the final Hamiltonian h f (k)). For example, Fig. 1(b) displays a general momentum-dependent spin dynamics by quenching along the z axis. The time averaged spin polarization (only z component shows here) vanishes on a closed ring ( Fig. 1(c) ), indicating the BIS for the 2D system, while near the BIS the dynamical spin polarizations (x and y components) can reconstruct the SO field and determine the topological invariant ( Fig. 1(d) ).
We realize the scheme in a highly controllable solid-state system, which is a color defect named the NV center in diamond ( Fig. 1(e) ) [40] . The electrons around the defect form an effective electron spin with a spin triplet ground state (S = 1). In an external magnetic field along the NV axis, the electron spin states m s = {0, +1, −1} are well separated from each other and the states m s = 0, +1 are used to study the two-band mode ( Fig. 1(f) ). In the simulation, a green laser pulse is used to initialize the electron spin into m s = 0 state which can then be prepared into the ground state of h i (k) by unitary control, while a microwave pulse is applied to realize the final Hamiltonian. In the rotating frame, the Hamiltonian is written as H = δσ z + B mw (cos φσ x + sin φσ y ), where δ is the detuning of the microwave frequency, B mw and φ are the driving amplitude and phase of the pulse. By choosing δ = m z − 2t 0 (cos k x + cos k y ), B mw = 2t so and φ = arctan(sin k y / sin k x ), the electron spin of NV center in subspace spanned by m s = 0, +1 evolves exactly under the Hamiltonian H QAH (Fig. 1(g) ).
The experiment was performed on a confocal setup at room temperature. The NV center was created by nitrogen ion implantation [41] with an energy of 30 Kev. To improve the photon collection efficiency, a nanopillar structure [42, 43] was fabricated. An external static magnetic field around 370 Gauss was applied to remove the degeneracy between m s = +1 and m s = −1. Microwave pulses were irradiated via a coplanar waveguide and controlled by an arbitrary wave generator (CRS-AWG-C2S10N02, ChinaInstru & Quantum Tech). An arbitrary sequence generator (ASG-GT50-C, ChinaInstru & Quantum Tech) with 50 picosecond time resolution was used to control the timing sequences of the excitation laser and microwaves.
The quench study is performed by suddenly tuning the magnetization m z from an initial trivial phase into a topological regime. To measure the dynamical topological invariant emerging on BIS, we resolve the spin in a complete set of basis composed of σ x,y,z through a combination of microwave and laser pulses. The Rabi oscillations following quench are recorded at all k points, from which the time-averaged spin polarizations σ x,y,z are measured based on the first four periods. In Fig. 2 we consider two sets of examples for the detection. As shown in Fig. 2(a-d) , we first quench the system along z axis with the post-quench parameters being m z = t 0 = 2t so . After determining the BIS by measuring σ z , the timeaveraged spin polarizations σ x,y are measured at momentum points along the norm vector k ⊥ of BIS ( Fig.1(c) ). Fig. 2(b) shows the linear area of Fig. 1(b) , from which one obtains a dynamical spin-texture field [37] g(k) with the components , y) by measuring the slope, with N k the normalization factor. Fig. 2(c) shows the full imaging of this dynamical field, from which the topological invariant can be obtained through
Here instead we use the definition of winding number directly. Fig. 2(c) shows the visualization of the spin-texture field by redrawing them with the vector starting points jointed. One can count the number of revolutions to obtain the magnitude of topological invariant, and determine its sign according to the rotation direction. A counterclockwise full rotation is observed indicating that the winding number is 1, directly corresponding to Chern number c = 1 of the bulk.
Further, we implement the experimental measurement by quenching along x axis [ Fig. 2(e-g)] , with the parameters m z = 1.3t 0 = 0.65t so being fixed. The Hamiltonian reads h(k) = (m x + 2t so sin k x , 2t so sin k y , m z − 2t 0 (cos k x + cos k y )). The quenching parameter m x is suddenly varied from m x t 0 to 0. In this case the initial state is prepared as (|m s = 0 + |m s = +1 )/ √ 2 through a green laser pulse followed by a π y /2 pulse. The BISs (Fig. 2(e) ) are measured by reading out the evolution in the σ x basis. This quenching leads to different configurations of BISs, which are identified as two lines at k x = −π and k x = 0 connecting the edges of Brillouin zone [37] . The dynamical fields g(k) on the BISs are further obtained from the measurements in the basis of σ z and σ x . As shown in Fig. 2(f) and (g ), the dynamical field shows a trivial pattern along k y at k x = −π but a nontrivial pattern at k x = 0, giving the total winding number being 1. These results show that while the configurations of BISs and quench dynamics are sharply different in different quench processes, the emergent topology in the quench dynamics is identical, showing from experiment that the dynamical characterization is universal.
We further apply this dynamical approach to characterize the topological phase with high Chern number c = −3. For this we implement the Hamiltonian that h(k) = (t so sin 2k x , t so sin 2k y , m z − t 0 (cos k x + cos k y )), with m z t 0 before quench and m z = 0.5t 0 = t so after quench. It can be shown that in equilibrium the lower Bloch band of the post-quench Hamiltonian has a high Chern number with c = −3. The measured results for quenching along z axis are shown in Fig. 3. On BIS [see (a,b) ], the length of the dynamical field g(k) in Fig. 3(c) is varied for a clear display. Three full clockwise rotations along the closed BIS are explicitly observed, giving the dynamical winding number as −3, which corresponds to the 2D Chern number c = −3 of the bulk.
Finally, we explore an important issue, the validity of the dynamical classification in the presence of decoherence, which is a crucial issue generically existing in quantum dynamics. To investigate the effect of decoherence, we repeat the whole process as in Fig. 2(a-d) , but with much longer evolution time. As shown in Fig. 4(c-e) , this induces an obvious decay in all spin components (σ x,y,z ) of the spin dynamics. Surprisingly, we find that the dynamical classification method is very robust to the decoherence. As shown in Fig. 4(a) , the BIS and topological invariant are almost the same as the results shown in Fig. 2(a-d) . To gain a deep understanding of this excellent feature, we model the quench dynamics by considering the dominant dephasing noise arising from the nuclear spin bath around the central NV electron spin [44, 45] 
Here the last b z -term in the right hand side represents the static magnetic noise which satisfies Gaussian distribution with the standard deviation σ. In the realistic case, we consider a relatively weak noise with strength
The time-evolution of the spin polarization σ i (k) (i = x, y, z) following quench is given by
where n z = h z /h and A i , ϕ i are determined by initial condition. As shown in Fig. 4(b-c) , this analytical form explains the experimental observations quite well. After time averaging, the time-dependent part vanishes and only the constant term is left, giving σ i = −h i h z /h 2 . Accordingly, the dynamical topology emerging on the BIS is not affected by the decoherence and well characterizes the post-quench topology.
The above result shows that the the present dynamical classification approach is fully immune to the dephasing effect. The essential reason is because the dynamical characterization adopts only the time-averaged terms, which naturally involve only the diagonal parts of the density matrix and insensitive to decoherence. Actually, the dephasing evolves an arbitrary initial state |u(k) = a(k)| ↑ + b(k)| ↓ to the mixed one described by a density matrix
With the mixed density matrix the spin polarizations at each momentum is unchanged, so is the topol- ogy. The high stability of the emergent dynamical topology on BIS may have potential applications in the future. We have experimentally demonstrated a powerful dynamical classification approach in exploring topological quantum states. A dynamical bulk-surface correspondence was observed and demonstrated to be universal in different quenching dynamics. More importantly, we found that the emergent topology of quench dynamics is robust even in the presence of decoherence. As shown in a latest theory [46] , the similar decoherence arises from correlation effects in the dynamical characterization of an interacting topological system. Our study implies that the present dynamical simulator based on NV center may be useful to further emulate effectively the correlation effects in the topological characterization. This study can be generalized to high dimensional gapped topological phases. The post-quench parameters are mz = t0 = 2tso as in (Fig. 2(a-d) ) but with a smaller value of tso = 0.8 MHz to enhance the effect of noise. Each pixel data is an average of the Rabi oscillation data more than 10 full periods as shown in (c). (b) Linear dependence of extracted decay rate on nz as observed by experiments and predicted by theory (Eq. 3). (c,d,e) Rabi oscillations of σx,y,z which agree well with theoretical prediction, from which the decay rate is extracted.
